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Abstract
We show that the complex Monge-Ampe`re equation on a compact
Ka¨hler manifold (X,ω) of dimension n admits a Ho¨lder continuous ω-psh
solution if and only if its right-hand side is a positive measure with Ho¨lder
continuous super-potential. This property is true in particular when the
measure has locally Ho¨lder continuous potentials or when it belongs to the
Sobolev space W 2n/p−2+ǫ,p(X) or to the Besov space Bǫ−2∞,∞(X) for some
ǫ > 0 and p > 1.
Classification AMS 2010: 32U, 32W20, 53C55.
Keywords: complex Monge-Ampe`re equation, psh function, super-potential,
capacity, moderate measure.
1 Introduction
Let (X,ω) be a compact Ka¨hler manifold of dimension n. Recall that a function
u : X → R ∪ {−∞} is said to be ω-psh if it is locally the difference of a psh
function and a potential of ω, i.e. a smooth function v such that ddcv = ω. We
consider the complex Monge-Ampe`re equation
(ddcϕ+ ω)n = µ,
where µ is a positive measure on X and ϕ a bounded ω-psh function, see Bedford-
Taylor [2], Demailly [6] and Fornæss-Sibony [21] for the intersection of currents
and for basic properties of psh functions. For cohomology reason, the above
relation implies that the mass of µ is equal to the mass of the measure ωn, i.e.
‖µ‖ =
∫
X
ωn.
In what follows, we always assume this condition.
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When µ is a smooth volume form, the famous theorem of Calabi-Yau says
that the Monge-Ampe`re equation admits a smooth solution ϕ which is unique
up to an additive constant [5, 35]. In this paper, we consider the case with
Ho¨lder continuous solutions. Without reviewing the long history of the complex
Monge-Ampe`re equation, let us mention few steps in the recent development.
In [26, 27], Kolodziej has constructed a continuous solution under some hy-
pothesis on the measure µ, in particular for µ of class Lp, p > 1. Then, he proved
in [28] that the solution is Ho¨lder continuous when µ is of class Lp, p > 1, see
also [20, 22]. Some important steps in his approach were improved by Dinew and
Zhang [12]. Very recently based on Demailly’s regularization method [7, 8] and
the above Dinew-Zhang’s results, Demailly, Dinew, Guedj, Hiep, Kolodziej, Zeri-
ahi [9] obtained an explicit Ho¨lder exponent of the solution, see also [11]. A neces-
sary condition on µ to have a Ho¨lder continuous solution u was obtained by Dinh-
Nguyen-Sibony in [13]. We refer to the works of the above mentioned authors and
Eyssidieux, Pali, Plis, Song, Tian [9, 10, 11, 12, 13, 20, 25, 26, 27, 28, 29, 32, 33]
for results in this direction, for related topics and a more complete list of refer-
ences.
Here is our main theorem which implies several known results. The proof
uses the above results and some ideas from the works by Sibony and the authors
[14, 17, 18, 19].
Theorem 1.1. Let (X,ω) be a compact Ka¨hler manifold of dimension n. Let µ
be a positive measure on X of mass
∫
X
ωn. Then the Monge-Ampe`re equation
(ddcϕ+ ω)n = µ
admits a Ho¨lder continuous ω-psh solution ϕ if and only if µ admits a Ho¨lder
continuous super-potential.
The Ho¨lder exponent of the solution depends on n and on the Ho¨lder exponent
of the super-potential U of µ. It will be specified in the proof of Theorem 1.1 in
Section 3.
We will recall the notion of super-potentials for measures in Section 3. Super-
potentials for positive closed currents were introduced by Sibony and the first
author in [17, 18, 19]. They play an important role in complex dynamics. In the
references above, situations where the Ho¨lder continuity of super-potential can
be verified, are described. The reader will also find in Section 3 some methods
to obtain this property. In particular, we will see that the class of measures
with Ho¨lder continuous super-potential contains the measures given by Lp forms,
p > 1, considered in [9, 12, 28] and the measures satisfying some Hausdorff type
regularity investigated in [25].
The following corollary is a consequence of Theorem 1.1 and Proposition 3.7
below.
2
Corollary 1.2. Under the hypotheses of Theorem 1.1, if we can write locally µ =
ddcU+∂V +∂W with Ho¨lder continuous forms U, V,W of bidegrees (n−1, n−1),
(n−1, n) and (n, n−1) respectively, then the considered Monge-Ampe`re equation
admits a Ho¨lder continuous ω-psh solution. Moreover, the hypothesis on µ is
satisfied when this measure belongs to the Sobolev space W 2n/p−2+ǫ,p(X) or to the
Besov space Bǫ−2∞,∞(X) for some ǫ > 0 and p > 1.
In the case with parameters (Xt, ωt, µt), where the compact Ka¨hler mani-
folds (Xt, ωt) have uniformly bounded geometry and the super-potentials of the
measures µt are uniformly Ho¨lder continuous, we obtain solutions ϕt which are
uniformly Ho¨lder continuous. We can also extend our results to the case of a big
and nef class with a solution locally Ho¨lder continuous on the ample locus. We
refer to [9, 12, 20] for the techniques needed to handle these situations.
The following problem suggested by the work of Sibony and the authors [13]
is still open. We refer to [9, 14] for some particular cases where the answer is
positive.
Problem 1.3. Let µ be a probability measure on X. Assume that µ is moderate.
Does the Monge-Ampe`re equation
(ddcϕ+ ω)n = µ
admit a Ho¨lder continuous ω-psh solution ϕ ?
The notion of moderate measures will be recalled in Section 2. We think that
the answer is not always positive and the problem requires probably a better
understanding of the notion of capacity T (·), see [16] and Section 2 for the
definition.
Problem 1.4. Characterize the positive measures µ on X such that the associated
complex Monge-Ampe`re equation admits a continuous (resp. bounded) solution.
Note that it is not difficult to show using [6, Ch.III (3.6) and (3.11)] that when
ϕ is a continuous (resp. bounded) ω-psh function the measure (ddcϕ + ω)n has
a continuous (resp. bounded) super-potential. However, in dimension n ≥ 2, the
last property does not characterize the Monge-Ampe`re measures with continuous
(resp. bounded) potential. We can consider, for example in dimension 2, a
measure with a single singularity likes (ddc log(− log ‖z‖))2. It has a continuous
super-potential.
Acknowledgement. The authors thank Nicolas Lerner and Nessim Sibony for
their help during the preparation of this work.
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2 Moderate measures and capacities
In what follows, (X,ω) always denotes a compact Ka¨hler manifold of dimension
n. Recall from [13, 14] that a positive measure µ on X is moderate if there are
constants c > 0 and α > 0 such that∫
e−αudµ ≤ c for every u ω-psh such that
∫
X
uωn = 0.
Note that the functions u satisfying the last condition describe a compact set of
ω-psh functions. The condition can be replaced by other ones, e.g. maxX u = 0.
Lemma 2.1. Let µ be a moderate positive measure on X. Then there are con-
stants c > 0 and α > 0 such that for any M ≥ 0
µ{u < −M} ≤ ce−αM for every ω-psh function u such that
∫
X
uωn = 0.
Moreover, if p ≥ 1 is a real number, then there is a constant cp > 0 such that
‖u‖Lp(µ) ≤ cp and
∫
{u<−M}
|u|pdµ ≤ cpe
−αM for all M and u as above.
Proof. The first assertion follows from the definition of moderate measure. Ob-
serve that u is bounded above by a constant independent of u. Therefore, the
second assertion in the lemma follows from the first one and the identities∫
|u|>M
(|u|p −Mp)dµ =
∫ ∞
Mp
µ{|u|p > r}dr = p
∫ ∞
M
µ{|u| > t}tp−1dt
for M ≥ 0. We change α if necessary.
Lemma 2.2. Let µ be a moderate positive measure on X. Then for any real
number p ≥ 1, there is a constant c > 0 such that
‖u− u′‖Lp(µ) ≤ cmax(1,− log ‖u− u
′‖L1(µ))
(p−1)/p‖u− u′‖
1/p
L1(µ)
for all ω-psh functions u and u′ such that
∫
X
uωn =
∫
X
u′ωn = 0.
Proof. In what follows, . and & denote inequalities up to a multiplicative con-
stant. Since ‖u‖Lp(µ) and ‖u
′‖Lp(µ) are bounded, we only have to consider the
case where ‖u − u′‖L1(µ) is small. Define for a constant M large enough uM :=
max(u,−M) and u′M := max(u
′,−M). Using Lemma 2.1 and Ho¨lder’s inequality,
we have
‖u− u′‖Lp(µ) . ‖uM − u
′
M‖Lp(µ) + e
−αM .M (p−1)/p‖uM − u
′
M‖
1/p
L1(µ) + e
−αM
. M (p−1)/p‖u− u′‖
1/p
L1(µ) +M
(p−1)/pe−αM/p + e−αM .
It is enough to choose M equal to a large constant times − log ‖u− u′‖L1(µ).
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Recall the following notion of capacity which was introduced by Kolodziej
[27] and is related to the well-known Bedford-Taylor capacity [2]. For any Borel
subset A of X , define
capBTK(A) := sup
{∫
A
(ddcu+ ω)n, u ω-psh such that 0 ≤ u ≤ 1
}
.
The following definition is inspired by the works of Kolodziej [26, 27, 28].
Definition 2.3. A positive measure µ on X is said to be K-moderate if there are
constants c > 0 and α > 0 such that for every Borel subset A of X we have
µ(A) ≤ c exp(− capBTK(A)
−α).
We will also need the following notion of capacity introduced by Sibony and
the first author [16] which is related to the capacities of Alexander [1] and of
Siciak [30], see also Harvey-Lawson [24]. For any Borel subset A of X , define
T (A) := inf
{
exp(sup
A
u), u ω-psh and max
X
u = 0
}
.
Recall from Guedj-Zeriahi [23, Prop. 7.1] the following relation between capBTK(A)
and T (A) for every compact set A ⊂ X :
c1 exp(−λ1 capBTK(A)
−1) ≤ T (A) ≤ c2 exp(−λ2 capBTK(A)
−1/n), (1)
where ci > 0 and λi > 0 are constants independent of A.
Proposition 2.4. Let µ be a probability measure on X. Then µ is K-moderate if
and only if it is weakly moderate, i.e., there are constants λ > 0 and α > 0 such
that ∫
exp(λ|u|α)dµ ≤ c for u ω-psh with max
X
u = 0.
In particular, if µ is moderate, then it is K-moderate.
Proof. Assume that µ is weakly moderate as above. We will show that it is K-
moderate. It is enough to obtain the estimate in Definition 2.3 for every compact
set A such that capBTK(A) is small enough. We can also assume that capBTK(A)
is strictly positive since otherwise A is pluripolar and the fact that µ is weakly
moderate implies that µ(A) = 0. So we also have T (A) > 0.
Let u be an ω-psh function with maxX u = 0 such that
u ≤ logT (A) + 1 on A.
Using that T (A) is small, we obtain that
µ(A) ≤ µ
{
u ≤ logT (A) + 1
}
≤ µ
{
λ|u|α ≥ (− logT (A))α/2
}
.
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Since µ is weakly moderate, if c is the constant as in the lemma, the last quantity
is bounded above by
c exp
(
− (− logT (A))α/2
)
,
which is, by the second inequality in (1), dominated by
c′ exp
(
− capBTK(A)
−α′
)
for some constants c′ > 0 and α′ > 0. So µ is K-moderate.
Assume now that µ is K-moderate as in Definition 2.3. We will show that
it is weakly moderate. Let u be an ω-psh function such that maxX u = 0. It is
enough to show for any M ≥ 0 that
µ{u < −M} ≤ c′′ exp(−Mα
′′
)
for some constants c′′ > 0 and α′′ > 0 independent of M and of u. Let A be an
arbitrary compact subset of the open set {u < −M}. We want to bound µ(A).
We have T (A) ≤ e−M by definition of T . We can assume that capBTK(A) and
T (A) are small enough. Since µ is K-moderate, we obtain for some constant
α′′ > 0
logµ(A) ≤ const− capBTK(A)
−α ≤ −
(
− logT (A)
)α′′
≤ −Mα
′′
,
where the second inequality follows from the first estimate in (1). Hence, µ is
weakly moderate. The lemma follows.
Example 2.5. Let µ be a probability measure on P1 smooth except at 0 and
such that
µ = |z|−2 exp
(
− (− log |z|)1/2
)
(idz ∧ dz) near 0.
If u is equal to log |z| near 0, we see that exp(−λu) is not µ-integrable for any
λ > 0. So µ is not moderate. One can check that µ is, however, weakly moderate
and hence it is K-moderate.
3 Super-potentials of positive measures
The notion of super-potential was introduced by Sibony and the first author. It
extends the notion of potential of positive closed (1, 1)-currents to positive closed
(p, p)-currents and allows to solve some problems in complex dynamics. We recall
it in the case of measures, i.e. for p = k.
Let C denote the set of positive closed (1, 1)-currents in the cohomology class
{ω}. This is a convex compact set. We can consider for each real number α > 0
the following distance on C :
distα(T, T
′) := sup
‖Φ‖Cα≤1
|〈T − T ′,Φ〉|
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where Φ is a test smooth (n − 1, n − 1)-form. Observe that the family distα is
decreasing in α. The following proposition was obtained in [17] as a consequence
of the interpolation theory for Banach spaces.
Proposition 3.1. Let α and β be real numbers such that β ≥ α > 0. Then there
is a constant c = c(α, β) > 0 such that
distβ ≤ distα ≤ c(distβ)
α/β .
For each current T in C there is a unique ω-psh function u such that
T = ddcu+ ω and
∫
X
uωn = 0.
We call u the ω-potential of T . For each real number p > 1, define the following
distance on C
distLp(T, T
′) := ‖u− u′‖Lp,
where u and u′ are ω-potentials of T and T ′ respectively and the Lp norm is with
respect to the measure ωn. Since we assume that ωn is a probability measure,
the family distLp is increasing in p. Note that C has finite diameter with respect
to all the above distances.
Proposition 3.2. Let p ≥ 1 be a real number. Then there are constants c > 0,
c′ > 0, and c′′ > 0 depending on p such that
c dist2 ≤ distL1 ≤ c
′ dist1 and distLp ≤ c
′′max(1,− log distL1)
p−1
p (distL1)
1
p .
Proof. Given T, T ′ ∈ C , let u and u′ be the ω-potentials of T and T ′ respectively.
Let Φ be a smooth (n− 1, n− 1)-form such that ‖Φ‖C 2 ≤ 1. We have
|〈T − T ′,Φ〉| = |〈u− u′, ddcΦ〉| . distL1(T, T
′).
So the first inequality in the proposition is clear.
Consider the second inequality in the proposition. Let π1 and π2 denote the
canonical projections from X × X onto its factors. Let ∆ be the diagonal of
X × X . In the proof of [15, Prop. 2.1], an explicit kernel K(x, y) on X × X
was obtained, see also Bost-Gillet-Soule´ [3]. It is an (n − 1, n − 1)-form smooth
outside ∆ such that
‖K(x, y)‖ . − log dist(x, y) dist(x, y)2−2n
and
‖∇K(x, y)‖ . dist(x, y)1−2n
when (x, y) tends to ∆. Here, ‖∇K(x, y)‖ denotes the sum of the norms of the
gradients of the coefficients of K(x, y) for a fixed atlas on X ×X .
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This kernel gives a solution v to the equation ddcv = T − T ′ in the sense of
currents with
v(x) :=
∫
y∈X
K(x, y) ∧ (T (y)− T ′(y))
or more formally
v := (π1)∗(K ∧ π
∗
2(T − T
′)).
Indeed, if [∆] denotes the current of integration on the diagonal ∆, then [∆] −
ddcK is a smooth representation of the cohomology class of ∆ in the Ku¨nneth
decomposition of Hn,n(X ×X,C).
We show that ‖v‖L1 . dist1(T, T
′). Consider a test smooth (n, n)-form Φ
such that ‖Φ‖∞ ≤ 1. We have
〈v,Φ〉 =
∫
X×X
K(x, y) ∧ Φ(x) ∧ (T (y)− T ′(y)) =
〈
T − T ′, (π2)∗(K ∧ π
∗
1(Φ))
〉
.
The estimates on K imply that (π2)∗(K ∧ π
∗
1(Φ)) is a form with bounded C
1
norm. We deduce that |〈v,Φ〉| . dist1(T, T
′). Since this property holds for every
Φ, we obtain that ‖v‖L1 . dist1(T, T
′).
Define m :=
∫
X
vωn and v˜ := v−m. It follows from the above discussion that
|m| . dist1(T, T
′) and ddcv˜ = T − T ′ = ddc(u − u′). Since the solution of the
equation ddcv˜ = T − T ′ with
∫
X
v˜ωn = 0 is unique, we obtain that v˜ = u − u′.
This, combined with the estimates ‖v‖L1 . dist1(T, T
′) and |m| . dist1(T, T
′),
implies that ‖u − u′‖L1 . dist1(T, T
′). The second inequality in the proposition
follows.
Recall that the measure ωn is moderate, see [31, 36]. So Lemma 2.2 applied
to ωn implies the last inequality in the proposition.
Propositions 3.1 and 3.2 show that the distances considered above define the
same topology on C . It is not difficult to see that this topology is induced by the
weak topology on currents. The above propositions also imply that the following
notion does not depend on the choice of the distance on C and therefore gives us
a large flexibility to prove this Ho¨lder property.
Definition 3.3. A function U : C → R is said to be Ho¨lder continuous if it is
Ho¨lder continuous for one of the above distances on C .
Definition 3.4. Let µ be a positive measure on X . The super-potential of µ is
the function U : C → R ∪ {−∞} defined by
U (T ) :=
∫
udµ
where u is the ω-potential of T .
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The infinite dimensional compact space C admits some “complex structure”
and the super-potential U satisfies similar properties as the ones of quasi-psh
functions in the finite dimensional case. However, we do not need these properties
here. It is important to notice that the Ho¨lder continuity, the continuity and the
boundedness of the super-potential U do not depend on the choice of the Ka¨hler
form ω on X .
In what follows we study various sufficient conditions for a positive measure
µ to possess a Ho¨lder continuous super-potential. We will need the following
elementary lemma.
Lemma 3.5. Let µ be a positive measure on X. Then its super-potential U is
Ho¨lder continuous with Ho¨lder exponent 0 < β ≤ 1 with respect to the distance
distL1 on C if and only if there is a constant c > 0 such that
‖u− u′‖L1(µ) ≤ cmax
(
‖u− u′‖L1 , ‖u− u
′‖βL1
)
for all ω-psh functions u and u′.
Proof. We first prove the necessary condition. Assume that U is Ho¨lder contin-
uous with exponent β as above. Observe that it is enough to show that
∣∣∣ ∫ (u− u′)dµ∣∣∣ . max (‖u− u′‖L1, ‖u− u′‖βL1).
Indeed, this inequality applied to u,max(u, u′) and then to u′,max(u, u′) gives
the result.
Consider first the case where
∫
X
uωn =
∫
X
u′ωn = 0. Define T := ddcu + ω
and T ′ := ddcu′ + ω. Then, by hypothesis, we have
∣∣∣ ∫ (u− u′)dµ∣∣∣ = |U (T )−U (T ′)| . distL1(T, T ′)β = ‖u− u′‖βL1 .
In the general case, define m :=
∫
X
uωn and m′ :=
∫
X
u′ωn. We can apply the
first case to v := u − m and v′ := u′ − m′. In order to obtain the inequality
in the lemma, it is enough to use the triangle inequality and to observe that
|m−m′| . ‖u− u′‖L1.
For the sufficient part, assume the inequality in the lemma. Consider two
currents T and T ′ in C . Denote by u and u′ their ω-potentials which belong to a
fixed compact family of ω-psh functions. Therefore, ‖u‖L1, ‖u
′‖L1 and ‖u−u
′‖L1
are bounded. The inequality in the lemma implies that
|U (T )−U (T ′)| =
∣∣∣ ∫ (u− u′)dµ∣∣∣ . ‖u− u′‖βL1 .
The lemma follows.
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Proposition 3.6. Let ϕ be a Ho¨lder continuous ω-psh function on X. Then the
measure µ := (ddcϕ+ ω)n has a Ho¨lder continuous super-potential.
Proof. Define µk := (dd
cϕ + ω)k ∧ ωn−k. We prove by induction on k that µk
has a Ho¨lder continuous potential. Assume this is true for k − 1. We will use
the criterium given in Lemma 3.5. We can assume u ≥ u′ since we can always
reduce the problem to the case with u,max(u, u′) and the case with u′,max(u, u′).
Subtracting from u and u′ a constant allows to assume that
∫
X
uωn = 0.
Define also m′ :=
∫
X
u′ωn and û′ := u′ − m′. So u and û′ belong to a
fixed compact family of ω-psh functions. We deduce that ‖u‖L1 and ‖û
′‖L1 are
bounded. By [6, Ch.III (3.11)], the integrals 〈µ, u〉 and 〈µ, û′〉 are also bounded.
Therefore, by Lemma 3.5, we only have to consider the case where |m′| is bounded
by a fixed constant large enough and to prove the inequality∫
(u− u′)dµk . ‖u− u
′‖βkL1
for some constant βk > 0. Indeed, ‖u− u
′‖L1 is bounded by a fixed constant.
Since ϕ is Ho¨lder continuous, using a standard convolution and a partition of
unity, we can write ϕ = ϕǫ + (ϕ − ϕǫ) with ‖ϕǫ‖C 2 . ǫ
−2 and |ϕ − ϕǫ| . ǫ
α for
some α > 0. We have for T := ddcu+ ω and T ′ := ddcu′ + ω
|〈µk, u− u
′〉| ≤ |〈µk−1, u− u
′〉|+ |〈ddcϕ ∧ (ddcϕ+ ω)k−1 ∧ ωn−k, u− u′〉|
≤ |〈µk−1, u− u
′〉|+ |〈ddcϕǫ ∧ (dd
cϕ+ ω)k−1 ∧ ωn−k, u− u′〉|
+|〈(ϕ− ϕǫ) ∧ (dd
cϕ+ ω)k−1 ∧ ωn−k, T − T ′〉|.
Since u − u′ ≥ 0 and ±ddcϕǫ are bounded by a constant times ǫ
−2ω, the
second term in the last sum is bounded by a constant times ǫ−2|〈µk−1, u − u
′〉|.
Applying the Chern-Levine-Nirenberg inequality [6, Ch.III (3.3)] to the last term
in the above sum, we see that this term is bounded by a constant times ǫα. This
together with the induction hypothesis yields
|〈µk, u− u
′〉| . ǫ−2|〈µk−1, u− u
′〉|+ ǫα . ǫ−2‖u− u′‖
βk−1
L1 + ǫ
α
for some constant βk−1 > 0. Choosing ǫ equal to a fixed constant small enough
times ‖u− u′‖
βk−1
2+α
L1 , the proof is thereby complete.
Note that we can show in the same way that a wedge-product of positive
closed currents (of arbitrary bidegree) with Ho¨lder continuous super-potential
admits a Ho¨lder continuous super-potential.
The following result, together with Theorem 1.1, implies Corollary 1.2.
Proposition 3.7. Let µ be a positive measure on X. Assume that locally we can
write µ = ddcU + ∂V + ∂W with Ho¨lder continuous forms U, V,W of bidegrees
(n − 1, n − 1), (n − 1, n) and (n, n − 1) respectively. Then µ admits a Ho¨lder
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continuous super-potential. Moreover, the hypothesis on µ is satisfied when µ
belongs to the Sobolev space W 2n/p−2+ǫ,p(X) or to the Besov space Bǫ−2∞,∞(X) for
some ǫ > 0 and p > 1.
Proof. Consider a coordinate ball B in X and χ a smooth positive function with
compact support in B. We can assume that µ = ddcU +∂V +∂W as above on B.
Using a partition of unity, it is enough to show that µ′ := χ(ddcU + ∂V + ∂W )
has a Ho¨lder continuous super-potential.
For 0 < ǫ≪ 1, using the standard convolution, we can write U = Uǫ+(U−Uǫ)
with ‖Uǫ‖C 2 . ǫ
−2 and ‖U − Uǫ‖∞ . ǫ
α for some constant α > 0. We obtain in
the same way the regularizing forms Vǫ and Wǫ of V and W respectively. Using
these estimates, we have
|〈µ′, u− u′〉| ≤ |〈ddcU, χ(u− u′)〉|+ |〈∂V, χ(u− u′)〉|+ |〈∂W, χ(u− u′)〉|
≤ |〈ddcUǫ, χ(u− u
′)〉|+ |〈U − Uǫ, dd
c(χ(u− u′))〉|
+|〈∂Vǫ, χ(u− u
′)〉|+ |〈V − Vǫ, ∂(χ(u− u
′))〉|
+|〈∂Wǫ, χ(u− u
′)〉|+ |〈W −Wǫ, ∂(χ(u− u
′))〉|.
Recall that ‖du‖L1 and ‖du
′‖L1 are bounded by a constant. These properties
are consequences of classical properties of psh functions. We can also obtain
them using the estimates on K and ∇K given in Proposition 3.2. Consequently,
ddc(χ(u−u′)), ∂(χ(u−u′)) and ∂(χ(u−u′)) have bounded mass. This discussion,
combined with the above estimates on |〈µ′, u − u′〉| and the above mentioned
properties of Uǫ, Vǫ, Wǫ, implies that
|〈µ′, u− u′〉| . ǫ−2‖u− u′‖L1 + ǫ
α.
To obtain the first assertion in the proposition it is enough to take ǫ := ‖u−u′‖
1
2+α
L1 .
For the second assertion, locally on a small ball B in X with holomorphic
coordinates z, if u is a solution of the Laplacian equation ∆u = µ and if U is a
suitable constant times u(ddc‖z‖2)n−1, then ddcU = µ. When µ belongs to the
Sobolev space W 2n/p−2+ǫ,p(X), the function u is inW 2n/p+ǫ,p(B), see [4, p.198] for
W k,p with k ∈ N and [34, p.186 and p.230] for the interpolation and the duality
which allow to consider the case of W k,p with k ∈ R. By Sobolev’s embedding
theorem, u is Ho¨lder continuous, see e.g. [4, p.168]. When µ is in the Besov space
Bǫ−2∞,∞(X), the solution u is in B
ǫ
∞,∞ which is the Ho¨lder space C
ǫ. The result
follows.
The following result and Theorem 1.1 imply the main result of Hiep in [25].
Proposition 3.8. Let µ be a positive measure on X. Assume that there are
constants c > 0 and α > 0 such that if B is a ball of radius r in X we have
µ(B) ≤ cr2n−2+α. Then µ has a Ho¨lder continuous super-potential.
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Proof. Let T, T ′, u, u′, the super-potential U , the kernel K, the function v and
the constant m be given in Proposition 3.2 above. We have
U (T )−U (T ′) = 〈µ, u− u′〉 = 〈µ, v −m〉
=
〈
µ, (π1)∗(K ∧ π
∗
2(T − T
′))
〉
−m
=
〈
T − T ′, (π2)∗(K ∧ π
∗
1(µ))
〉
−m.
Since we already have good estimates on m, it is enough to check that the form
Φ := (π2)∗(K ∧ π
∗
1(µ)) is Ho¨lder continuous.
Let B be a coordinate ball in X that we identify with the unit ball in Cn. We
will show that Φ is Ho¨lder continuous near the origin 0 ∈ Cn. Let χ be a smooth
function with compact support in B×B and equal to 1 near the origin. We have
Φ = (π2)∗(χK ∧ π
∗
1(µ)) + (π2)∗((1− χ)K ∧ π
∗
1(µ)).
Since the form (1 − χ)K is smooth near X × {0}, the last expression in the
above identity defines a smooth form near 0. It remains to show that Ψ :=
(π2)∗(χK ∧ π
∗
1(µ)) is Ho¨lder continuous near 0.
Observe that the coefficients of Ψ have the form
Θ(x) :=
∫
y∈B
H(x, y)dµ(y)
where H is a coefficient of χK. We use now the estimates on K and ∇K given
in Proposition 3.2. Consider two points x and x′ in B near 0 and denote by D
the ball of center x and of radius ρ := 2‖x− x′‖1/(2n). We have
Θ(x)−Θ(x′) =
∫
D
H(x, y)dµ(y)−
∫
D
H(x′, y)dµ(y)+
∫
B\D
(H(x, y)−H(x′, y))dµ(y).
The estimate on K and the hypothesis on µ imply that the first two terms are
bounded by a constant times | log ρ|ρα. The estimate on ∇K implies that
|H(x, y)−H(x′, y)| . ‖x− x′‖ρ1−2n for y 6∈ D.
Therefore, the last integral in the above identity is bounded by a constant times
‖x−x′‖1/(2n). We deduce that Θ is a Ho¨lder continuous function. The proposition
follows.
Proposition 3.9. Let µ be a positive measure on X with a Ho¨lder continuous
super-potential. Then µ is moderate.
Proof. Let u be an ω-psh function with
∫
X
uωn = 0 and set uM := max(u,−M)
for M > 1 large enough. By Lemma 2.2 applied to the measure ωn, there is a
constant α > 0 independent of u and M such that∣∣∣ ∫
X
uMω
n
∣∣∣ = ∣∣∣ ∫
X
(uM − u)ω
n
∣∣∣ . e−αM .
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Denote by β a Ho¨lder exponent of U with respect to the distance distL1 on
C with 0 < β ≤ 1. Since M is large enough, the estimate above shows that
‖u− uM‖L1 is small. We deduce from Lemma 3.5 and the inequality uM − u > 1
on {u < −M − 1} that
µ{u < −M − 1} ≤
∣∣∣ ∫ (u− uM)dµ∣∣∣ . ‖u− uM‖βL1 . e−αβM .
Thus, µ is moderate.
The following corollary gives us a large family of measures with Ho¨lder con-
tinuous super-potential. It shows that the restriction of such a measure to a Borel
set gives also a measure with Ho¨lder continuous super-potential. Note that by
definition the set of measures with Ho¨lder continuous super-potential is a convex
cone. We then deduce from Theorem 1.1 analogous properties for Monge-Ampe`re
measures with Ho¨lder continuous potential which have been obtained in [9].
Corollary 3.10. Let µ be a positive measure with a Ho¨lder continuous super-
potential. If f is a positive function in Lp(µ) with p > 1, then fµ admits a
Ho¨lder continuous super-potential.
Proof. Let q ≥ 1 be the real number such that p−1 + q−1 = 1. Let V be the
super-potential of fµ. Consider two currents T, T ′ in C and their ω-potentials
u, u′. We have
|V (T )− V (T ′)| = |〈fµ, u− u′〉| ≤ ‖f‖Lp(µ)‖u− u
′‖Lq(µ).
By Proposition 3.9 and Lemma 2.2, the last expression is bounded by a constant
times ‖u− u′‖
1/(2q)
L1(µ) . Lemma 3.5 implies the result.
End of the proof of Theorem 1.1. The necessary condition follows from
Proposition 3.6. To prove the sufficient part assume that the super-potential U
of µ is Ho¨lder continuous with Ho¨lder exponent 0 < β ≤ 1 with respect to the
distance distL1 on C . Propositions 3.9 and 2.4 imply that for every p > 0 there
is a constant c > 0 such that
µ(A) ≤ c capBTK(A)
p for any compact set A.
In other words, µ satisfies the condition H(∞) in the sense of [20] (see also
Definition 2.6 in [9]) which is stronger than condition (A) in [26]. The latter
work ensures the existence of a bounded ω-psh solution u to (ddcu + ω)n = µ
with the normalization infX u = 1 (for the reader’s convenience we use here the
notation u instead of ϕ as in the reference [9] that we use now).
For δ > 0 small enough, let ρδu denote the regularization of u defined in [9,
Sec. 2], see also [7, 8]. It satisfies
‖ρδu− u‖L1 ≤ cδ
2 and ddcρδu ≥ −cω
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for some constant c ≥ 1. Lemma 3.5 applied to the ω-psh functions c−1ρδu and
c−1u implies that ∫
X
|ρδu− u|dµ . ‖ρδu− u‖
β
L1 . δ
2β. (2)
We are now able to apply Proposition 3.3 in [9] which shows that u is Ho¨lder
continuous.
Now, we follow along the same lines as those given in the proof of Theorem
A in [9] in order to get an explicit Ho¨lder exponent of u in terms of n and β. It
is enough to make the following changes:
• After (3.1) in [9]: let q := 1, 0 < α1 <
2β
n+1
and choose ǫ > 0, α, α0 such
that α1 < α < α0 < 2β − α0(n + ǫ). Take f ≡ 1 and set g := 0 on E0 and
g := c elsewhere with a constant c ≥ 1 such that ‖gµ‖ = ‖µ‖.
• As in [12, 27], we solve for continuous ω-psh function v
(ddcv + ω)n = gµ with max(u− v) = max(v − u).
• (3.2) in [9] becomes now (2) which implies
∫
E0
dµ ≤ c2δ
2β−α0 with c2 > 0.
The last relation replaces the inequality
∫
E0
fωn ≤ c2δ
2−α0
q in [9].
We obtain that u is Ho¨lder continuous with exponent α1 for all 0 < α1 <
2β
n+1
. 
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